Purpose -The purpose of this paper is to present an original model, and one of practical use, for a contractor's internal analysis of the likelihood of late and incomplete payments, in an uncertain payment environment. Payments typically dominate the thinking of a contractor and the way a contractor operates. The model applies equally to subcontractors, suppliers and consultants. Design/methodology/approach -The model is based on Markov chains, specially adapted to the problem, where the states are defined as the period of time by which the payment is overdue. In addition, there are special states corresponding to claims that have been paid, and those that need resolution. Transitions between states reflect the payment characteristics on the project (which itself depends on the type of project and the owner-contractor relationship). Findings -Real project data confirm the validity of the model. Output from the model can be shown to agree with actual contractor payment data. The output is in terms of probability of payment by a certain date, and mean time to payment for amounts owing. Such information assists the contractor in its financial management practices. Practical implications -The paper gives a summary approach for contractors. A strength and paradox of the model is its simplicity in usage, yet it overlies hidden more extensive mathematics, which might generally not be known or is necessary to be known to contractors. The model analysis feeds into the contractor's cash flow calculations, overall project risk analysis and accounting procedures. Originality/value -The paper represents an original contribution to the modelling and analysis of contractor payments.
Introduction
The paper presents an original model, and one of practical use, for a contractor's internal analysis of the likelihood of late and incomplete payments, in an uncertain payment environment. Real project data confirm the validity of the model. A strength and paradox of the model is its simplicity in usage, yet it overlies hidden more extensive mathematics (stochastic processes), which might generally not be known or is necessary to be known to contractors. The model applies also to subcontractors, suppliers and consultants.
Contractor (including subcontractor, supplier and consultant) businesses rely, for their health, on the timely payment of their claims, and payments may dominate the thinking of a contractor and the way a contractor operates. When payments due under the contract are delayed or of lesser value than anticipated, the contractor's financial position suffers, and this in turn may affect a project's performance (Sears et al., 2008; Gould, 1997; Antill and Farmer, 1991; O'Brien and Zilly, 1971; Halpin and Woodhead, 1980; Carmichael, 2002) .
Typical contracting is done on the basis of the contractor doing and paying for the work, and then being reimbursed by the owner. Claims could be expected to be submitted regularly by the contractor, and a short time after submission, the contractor could expect to receive payment. The timing of claims and the resultant time lag before receiving payment are matters dealt with in conditions of contract. However, it is noted that contractors may not receive the full amount of any claim, and the time of receipt may be different (commonly later) than that given in the contract.
There are various reasons for late and incomplete payments being made; this statement is not intended as a criticism of either owners or contractors. Rather it is an observation of actual project life. This paper does not take sides in any blame debate of or between owner and contractor. Some example contractor and owner-based reasons are that: the claim may not be totally justifiable or lacks full entitlement under the contract; the claim was lodged without full substantiation; the claim was lodged after some contractual time bar; the owner believes there is defective or incomplete work; and processing time of a claim can take time to evaluate carefully. It is also noted, again without making a judgment, that there is the occasional owner and occasional contractor which is not squeaky clean; for example a contractor may make an embellished claim, while an owner might delay or not make a payment in order to improve its own financial position (Carmichael, 2002) .
The paper deals with all claim types -progress claims (calendar based, or milestone), variation claims, delay claims and latent condition claims. The scenario considered in this paper is one of the contractor doing the work, and then later being reimbursed based on claims made. The situation where a contractor receives pre-payment is not treated in this paper.
The variabilities or uncertainties that have to be taken into account in any model of a contractor's claim payment accordingly are:
. The delay time in receiving payment following a claim.
. The proportion of the claim received initially, and the proportion of the claim received in subsequent instalments (if any) and the timing of these instalments.
The paper shows that such claim payments under uncertainty are readily modelled via Markov chains, where the states are defined as the period of time by which the payment is overdue. As well, there are special states corresponding to claims that have been paid, and those that need resolution. Transitions between states reflect the payment characteristics on the project (which itself depends on the type of project and the owner-contractor relationship).
Current contractor practice on projects is to keep updated summaries, listed by claim, of claimed amounts, paid amounts and the difference between the two amounts. This is done deterministically. That is, similar flow-type thinking to Markov chains is adopted by many contractors in their analysis of ageing claims, even though they may never have heard of Markov chains. Accordingly, the jump in thinking required is not great. This paper's approach, in acknowledging uncertainty in payments and timing, gives more useful information to the contractor. The model provides the contractor with a ready way of obtaining information on the likelihood that a claimed amount will be paid overtime or the likelihood that it may even not be paid. Such information is central to the contractor's financial planning purposes.
The paper provides a contribution to established contractor financial analysis practices, and represents an original contribution to the analysis of contractor payments. The methodology is of immediate practical use. The analysis feeds into the contractor's cash flow calculations, overall project risk analysis and accounting procedures.
The methodology is also applicable to the case of consultants doing work and subsequently being reimbursed by the owner, and to suppliers/subcontractors doing work and subsequently being reimbursed by the contractor. For conciseness, this paper talks of the contractor-owner relationship, but it embraces the consultant-owner and supplier/subcontractor-contractor relationships. Other equivalent terms used in the literature for owner are client, principal, employer, developer, proprietor and purchaser; in dealing with the contractor, the contract might nominate an owner's representative, superintendent or similar person.
Subcontractors rely on contractors paying their accounts on time. They may have a bank overdraft, but where possible they try to schedule their work in such a way as to not use it. On-time payment of outstanding accounts is crucial for a small or specialist contractor to maintain its business. Some head/general contractors have been observed to adhere to invoicing periods, and to even pay accounts inside such periods, even for 14 day invoicing. However, in other cases, the subcontractor may have to wait on the billing period prescribed by the head contractor, which may be 45 or 60 days depending on the project.
Some jurisdictions have legislation that attempts to address perceived or real non-payment of contractors by owners, by allowing the contractor's claims to be adjudicated expeditiously (for example, the security of payments legislation operating in the states of Australia), or by requiring prompt payments (for example, the American experience described in Touran et al. (2004) ). However, this does not affect this paper's methodology. It merely alters some of the numbers in any specific case analysis.
The paper looks at relevant background literature, outlines the background Markov chain theory, and how this is adapted to the contractor payment case, and then demonstrates this on actual project data relating to contractors, subcontractors and consultants.
Background
The paper embraces three areas of study, namely that related to:
(i) Payments and industry practice report a survey of contractors on time lags, and components and frequency of payments. Payment condition patterns are seen to differ between the public sector and the private sector. The timing of payments is said to be a key element of a contractor's profitability performance (Strischek, 1995) . Adams (2008) , based on surveys, establishes subjective probabilities on payment delays. Uher (1991) , Hinze and Tracey (1994) , Bennett and Ferry (1990) and Arditi and Chotibhongs (2005) note the impact on specialist contractors of payment time lags and late payments. Navon (1995) notes the connection between work performance and payment. The survey by Odeyinka and Kaka (2005) on the impact of payment terms on cash flow found that contractors were dissatisfied with the time lag to receiving payment. Carmichael (2000 Carmichael ( , 2002 notes contractor non-payment as a cause of disputes escalating, and notes the link between good owner-payment practices and non-adversarial owner-contractor relationships.
In a study reported in Kaka (1996, p. 35) , contractors were asked to give their opinion on the extent of variability of time delays of payments from owners and to subcontractors. The sample surveyed is reported to give a consensus view that "time delays are usually controlled by contractual regulations and their variability tends to be fairly limited". However, this variability conclusion is counter to the present authors' experiences, and typical example project data presented below confirm high variability, though it is acknowledged that there are some projects where payments do occur regularly. Chen and Chen (2005, p. 472) note that their research data set:
[. . .] not only illustrates that [specialist contractors] face a wide range of payment time lags, and sometimes differing frequencies and components for payments, but also reveals that contractor payment conditions to [specialist contractors] are far more complicated than those to suppliers. Kaka and Price (1991, 1993) , Kaka (1996) , Navon (1995), Hwee and Tiong (2002) , Park et al. (2005) , Hassim et al. (2003), , Kenley (1999 Kenley ( , 2003 and others writing on cash flows, touch to varying degrees, issues to do with contractor payments. For example, the model presented in Kaka (1996) for calculating cash flow requires user input of assigned probabilities to reflect the owner delaying payment by zero, one, two and three months. Park et al. (2005) address time lags in accordance with contractual payment conditions. Payment timings or schedules from the owner's viewpoint have been considered also by a number of authors (Szmerekovsky, 2005; Dayanand and Padman, 2001) .
These referenced studies are distinguished from the present work, in that they do not quantitatively model actual contractor payments, including allowances for variability.
(ii) Markov chains The theory behind Markov chains is well established. Numerous texts developed over several decades exist on the topic (Howard, 1971; Taylor and Karlin, 1994; Norris, 1998; Yin and Zhang, 2005) . Markov chains have been used for a wide array of applications -marketing, finance, advertising, economics and so on (Howard, 1960; Isaacson and Madsen, 1976) . The literature is very large. Even construction productivity can be shown to be usefully modelled using Markov chains (Carmichael, 1987) . This paper uses existing Markov chain theory, but adapted through defining states in a special way, defining the probability of transitions between states in a special way, and defining a transition diagram which is peculiar to contractor payments.
(iii) Accounting practices In accounting terms, amounts owing to a business are referred to as receivables or accounts receivable (Thomsett, 2001; Palmer et al., 1999; Peterson, 2008; Revsine et al., 1998) . Receivables appear on the balance sheets of businesses in order to provide informed financial analysis; they are expressed at their net realizable value, that is the amount of money that the business could reasonably expect to collect. Net realizable value is established from estimates of:
. Uncollectibles (amount that will not be collected).
. Returns (amount not collected because customers return items for credit), and adjustments (reduction in amount owed).
In a conventional business, uncollectibles may be estimated as a percentage of sales revenue or as a percentage of gross accounts receivable. When it is known that a specific account receivable is definitely uncollectible, it is removed from the books, that is it is written off.
The reasonableness of any allowance for uncollectibles needs to be continually established. Inappropriately estimating uncollectibles may distort business reported earnings. To ensure that the allowance is adequate, and neither excessive nor insufficient, the business performs an ageing of accounts receivable, that is an analysis of how long receivables have been on the books. Receivables are categorized by their age, and based on past experience, economic conditions and company policy, the business estimates expected losses (loss expectancy) in each age category. There can be some subjectivity in estimating the losses. This then gives an allowance for uncollectibles.
The Markov chain model and analysis, given in this paper, provides a more rational way of establishing an appropriate allowance-for-uncollectibles balance for the contractor's business, and appropriate loss expectancies, and a way that would satisfy any auditor's scrutiny. It is also argued that it is more difficult to estimate, as in conventional accounting practices, the proportion of each age category that will become uncollectible, than the probability of transfers between age categories, as used in a Markov chain analysis. The Markov chain model gives not only percentages in each of the ageing categories but also information on transfers between ageing categories. And all information derives directly from knowledge of the transition probabilities. In terms of accounts receivables, the paper draws inspiration from Cyert et al. (1962) and Corcoran (1978) .
Necessary Markov chain theory
Some necessary background Markov chain theory is given here. And in the next section it is shown how this can be adapted to the contractor payment case.
The treatment in this section may be found in most texts covering Markov chains (Howard, 1971; Taylor and Karlin, 1994; Norris, 1998; Yin and Zhang, 2005) . Only the selected parts of Markov chain theory relevant to the contractor payments problem are given.
Let the states of the system be described by k ¼ 1, 2, . . . , m. Let p jk be the probability associated with the transition from state j to state k; j, k ¼ 1, 2, . . . , m, giving an m £ m transition probability matrix P. It follows that:
and:
Denote the probability of being in any state as p k , being components of a row vector p. Then:
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equations (3) and (4) represent m þ 1 equations in m unknowns, and can be used to find p k , k ¼ 1, 2, . . . , m.
The contractor payments claim model, developed later, additionally has a characteristic known as absorbing states. A state is termed absorbing if only transitions into the state, and not out of the state, are possible. Standard treatments of Markov chains involving absorbing states reorder and partition the P matrix such that the absorbing states (numbering r say) precede the remaining (transient) m-r states. The P matrix is partitioned according to:
Here, I is a r £ r identity matrix, 0 is a r £ (m 2 r) zero matrix, and R and Q are (m 2 r) £ r and (m 2 r) £ (m 2 r) matrices, respectively. Matrix I applies to the absorbing states. Matrix 0 contains zeros because it involves transitions from absorbing states to transient states. R applies to transitions from transient states to absorbing states, while Q applies to transient states.
The number of time periods that the system resides in each of the transient states before entering an absorbing state is contained in the fundamental matrix N of size (m 2 r) £ (m 2 r), where N is given by:
And the mean number of time periods before absorption, from any transient state, is the row element sums of N.
The probability of absorption in each of the absorbing states, starting in a transient state, is given by the (m 2 r) £ r matrix NR.
Adaptation to contractor payments
Existing Markov chain treatments, as just presented, require adaptation to suit the peculiarities associated with contractor payments. These adaptations are described here.
Periods will typically be chosen as monthly or weekly intervals and the contractor payments are tracked according to these periods. But there is nothing in the following modelling that prevents the contractor from using some other, perhaps more suitable time unit, or even using different time units across different projects or across different phases of a project. Denoting period i ¼ 0 as the time that the claim is made by the contractor, then periods i ¼ 1, 2, 3,. . . represent months/weeks beyond that time.
States are defined as the amount outstanding (in the contractor's opinion, because this is a contractor's internal analysis) to the contractor beyond period i, i ¼ 0, 1, 2, . . . . That is, the states reflect the ageing amount believed by the contractor to be owed on the project.
It is assumed that the contractor believes that its claims are valid, and that the contractor is not making spurious or exaggerated claims. Since the analysis is for the contractor's internal purposes, to assume otherwise would be self-deceiving to the contractor and the exercise would be pointless.
The state corresponding to payment owing beyond i ¼ n is referred to as "to be resolved". The selection of n is up to the contractor. It represents the time at which the contractor concedes that the payment may not be forthcoming, or the time at which the contractor might instigate dispute proceedings. The dispute resolution forum may range from informal two-party negotiation through to formal litigation, where the outstanding amount may be or may not be recovered by the contractor in part or in total n can be chosen to reflect the project. Having more states (as determined by choosing a larger value of n) does no more than increase the number of spreadsheet computations. The methodology does not change.
In addition, a state k ¼ n 0 is introduced and represents the amount paid by the owner. It is referred to as "paid".
States k ¼ n and k ¼ n 0 are absorbing states. That is, m ¼ n þ 2 and r ¼ 2. Let a jk be the amount in state k that is transferred from state j between periods i and i þ 1. This enables transition probabilities, p jk , between periods i and i þ 1 to be calculated as:
Many of these transition probabilities, by the nature of the problem, turn out to be zero, and the matrix P is only sparsely populated. The handful of non-zero transition probabilities are calculated from historical data, or are estimated based on a known project and known owner-contractor relationship. Better results will be obtained by treating the claim types, or subsets of claim types (for example, based on different causes) separately rather than combined. That is, the claim payments are treated as being heterogeneous rather than homogeneous. This is so because the claim types will generally be of a different nature and magnitude. Where claims of different magnitudes are mixed, a payment of a smaller claim will have only a small effect on the total remaining payment owing, while a payment of a larger claim will have a big effect; the larger claim will dominate the transition probabilities.
It is assumed that the transition probabilities are constant over the project duration, or over each project phase.
The special states corresponding to k ¼ n and k ¼ n 0 are such that any payment entering them cannot exit. That is, p n 0 n 0 ¼ 1; p n 0 0 ¼ 0; p n 0 1 ¼ 0; . . . ; p n 0 n ¼ 0 and p nn 0 ¼ 0; p n0 ¼ 0; p n1 ¼ 0; . . . ; p nn ¼ 1. They are distinguished from the other, transient, states k ¼ 0, 1, 2, . . . , n 2 1, which can be both entered and left.
Finally, a transition diagram can be drawn that is peculiar to contractor payments (Figure 1) . The probabilities of being in any state can be obtained by balancing the inputs and outputs for each state to give equation (3).
The row sums of N give the average number of periods, after starting in the state corresponding to the row, before being absorbed, that is before being classed as "paid" or "to be resolved". A contractor will find such information useful for budgeting or cash planning purposes.
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The first column of NR gives the probabilities of amounts being paid. The second column of NR gives the probabilities of amounts needing resolution. The sum of each row of NR equals 1, that is a claim must either end up being paid or needing resolution.
The matrix NR allows the contractor to calculate the amount that could be anticipated to end up being paid, or to end up needing to be resolved, for any given combination of values in each of the age categories at any given time. Let the values in each age category k, k ¼ 0, 1, 2, . . . , n 2 1, at any time i be denoted by a row vector with elements ½V 0 ; V 1 ; . . . ; V n21 , then: 
Reconciliation with project data
Three situations are given demonstrating the model on, respectively, payments to a contractor, subcontractor and consultant.
It is seen that the output (in terms of payment characteristics) of the above contractor payment model, using actual data as input, matches exactly observed payment characteristics, as might be expected. In this sense, the model mirrors exactly payment observations. All other data sets examined by the authors show agreement also.
Building refurbishment -contractor
Contractor claims payment data for the refurbishment of a building (total project cost of approximately $60M and duration of approximately 20 months) consisted of payments for variation claims (41 total), extension of time (EOT)/delay claims (eight total), and progress claims (19 total). The variation claims and progress claims were made regularly throughout the project. The EOT claims were approved as claimed. However, the delay costs associated with the extra time were almost totally not approved; as such their analysis is not undertaken here. The progress claims were The variation claims were a mixture of approvals and non-approvals over varying time periods. Removing negative variations (decreased scope) and ex gratia payments to the contractor, the data gave the variation claim transition probabilities, p j;jþ1 , j ¼ 0, 1, . . . ,7 as 1.000, 1.000, 0.980, 0.937, 0.800, 0.797, 0.842, 0.912, and the progress claim transition probabilities, p j;jþ1 , j ¼ 0, 1, . . . ,7 as 1.000, 1.000, 1.000, 0.043, 1.000, 1.000, 1.000, 1.000. The time period is weeks, n ¼ 8. Figure 2 shows the first column of NR, corresponding to the probability of being paid in each of the age categories (measured from the time of making the claim). The probability of there being an outstanding payment needing resolution in each of the age categories is the second column of NR.
So, for example, there is a 51.0 per cent chance that a variation amount owing after four weeks will be paid, and a 49.0 per cent probability that it will end up needing to be resolved. This changes to 23.2 and 76.8 per cent, respectively, after six weeks, and so on for other time periods. As anticipated, the probability of a claim being paid declines as the claim gets older.
Consider the situation at different points in time during the project. For example, at one point in the project, the variation claim amounts in each of the age categories k ¼ 0, 1, 2, . . . ,7 were [0, 45.3, 0, 0, 0, 30.6, 0, 0] (in $K), giving a total for outstanding variation claims of $75.9K. The contractor could establish, via equation (8), the expected amount that would come to the contractor from these as $36.8K.
Elevator engraving -subcontractor A subcontractor does engraving work for an elevator/lift contractor. Over multiple projects (entailing 33 invoices), claim payment times varied from 23 to 127 days, and the average claim amount was $530. No claims went unpaid. One contributing reason for payment delays was the contractor's online ordering, tracking and accounting system and the manual entry of data into this. The subcontractor would issue reminders for any outstanding payments. The subcontractor's data gave the transition probabilities, p j;jþ1 , j ¼ 0, 1, 2, 3, 4 as 0.907, 0.210, 0.232, 1.000, 0.000. The time period is months. Figure 3 plots the row sums of N, the mean number of months before a claim is paid, for each of the age categories. Design consultant An engineering design consultant submitted 20 claims for approximately $160K over a two-and-a-half-year period for the design of a platform structure and its inspection during fabrication and erection. The claims were for time reimbursement together with business overheads and profit. The owner made no payments in credit. All claims were eventually paid in full. The concern to the consultant was the delay associated with payments, which ranged from 12 to 181 days. The consultant's data gave the transition probabilities, p j;jþ1 , j ¼ 0, 1, 2,. . . as 1.000, 0.882, 0.890, 1.000, 0.906, 0.801, 0.416, 1.000,. . . The time period is weeks. Figure 4 shows the first column of NR, corresponding to the probability of being paid in each of the age categories (measured from the time of invoicing). Note: Probability of amounts in each of the age categories ending up being paid within n weeks 
Summary approach for a contractor
The model would best be applied:
. At the time a contractor is deciding whether to tender or deciding a tender price. The analysis feeds into the contractor's cash flow calculations, and overall project risk analysis.
. During a project. The model can provide information that is useable by the contractor in managing its financial affairs. It might, for example, point the way to whether a contractor should relax collecting payments perhaps in return for better owner-contractor relations, or adopt a more aggressive way of chasing outstanding payments, or make no modifications to its current business practices. The analysis feeds into the contractor's accounting procedures.
The above development is summarized for the purpose of a contractor (including subcontractor, supplier and consultant) implementing the model in practice. No more than a spreadsheet is needed to perform the calculations:
. Decide on a relevant time period. If the conditions of contract or invoicing state, for example, payment terms or progress claims of 14 days or one month, then these would be appropriate time periods. But any time period can be chosen.
. Decide on how many time periods, n, must pass before the contractor concedes that a payment may not be forthcoming, or the time at which the contractor might instigate dispute proceedings. n is chosen to reflect the project.
. Based on past payment behaviour or contractor opinion, estimate the probabilities (or use historical data) that payments not received by the end of one period will still not have been received by the next period. This gives the p jk terms that go to make up the P matrix, which in turn gives the R and Q matrices.
The estimates will depend on the time period chosen. Studies by the authors on a range of project data indicate that the model results are relatively insensitive to small changes in the underlying assumptions including probability estimates. Accordingly, indicative estimates of past payment behaviour or reasonable opinion appear to be sufficient without needing precise estimates.
For example, for the above building refurbishment case, a^10 per cent change in the transition probabilities p jk gives changes in NR and N of the same order of magnitude, implying no real sensitivity. And, for example, should the owner delay payments by a further time period beyond the existing payment scenario, but still preserve the values of the transition probabilities, the average time to a claim ending up being paid or being classed as needing resolution, changes by less than one time period, implying no real sensitivity.
. Calculate N (equation (6)) and NR. The row sums of N give the average number of periods, after starting in the state corresponding to the row, before being classed as "paid" or "to be resolved". The first column of NR gives the probabilities of amounts being paid. The second column of NR gives the probabilities of amounts needing resolution.
. Calculate E["paid"] and E["to be resolved"] (equations (8)). These are the amounts that could be anticipated to end up being paid, or to end up needing to be resolved, for any given combination of values in each of the age categories at any given time.
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This can be used as a reasonableness check or audit on conventional accounting practices where estimates are made on expected losses in each age category.
Example. The example calculations given here refer to variation payments for the building refurbishment case mentioned above. All calculations can be done using the matrix functions on a spreadsheet. No knowledge of the underlying Markov chain theory is necessary.
Time period chosen: week. Time chosen for claim resolution: n ¼ eight weeks. Populating the P matrix with the transition probabilities given above, and partitioning P into R and Q matrices gives: 
Future developments
The calculations advanced in this paper are readily carried out on a spreadsheet, but could be facilitated with the development of a dedicated software package requiring only user inputs such as choice of time period, transition probability estimates and so on. This would be readily useable by contractors during the tendering period, which for many projects is often a rushed time.
The calculations performed in this paper appear to be relatively insensitive to small changes in underlying assumptions. Nevertheless, a comprehensive sensitivity study would be worthwhile to confirm or not confirm this conclusion.
The transition probabilities used in this paper's model are assumed to be constant over the project or over phases of the project. This is believed to be a practical option from a computational viewpoint and estimating viewpoint. To assume otherwise removes many of the easy-to-use results and expressions presented in this paper, and their simplicity and tractability. The assumption of constant probabilities is believed to be satisfactory on a project-by-project basis or project phase-by-project phase basis, but not necessarily across multiple projects differing in type, participants and claim magnitude. Future research could empirically examine this assumption.
The Markovian assumption simplifies the calculations over more general stochastic processes and would appear reasonable, based on the project data examined by the authors. Future research could examine this assumption.
An extension to Markov processes involving continuous time could be done, as could the adoption of semi-Markov processes (where the time between transitions is a random variable, for example, Howard (1964) ), but it is not believed that the extra computation and complexity would be repaid with extra knowledge about payments.
